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<N : 1 INTRODUCTION 

o 

1.1. In a previous paper jl], we found a class of non- Archimedean normal operators, bounded 
linear operators on Banach spaces over non-Archimedean fields possessing orthogonal, in the 
non- Archimedean sense, spectral decompositions. It is a natural problem now to find out what 
operators in the non- Archimedean setting should be seen as unitary ones. Classically, the cor- 
respondence between selfadjoint and unitary operators extends, via the well-known functional 
calculus, the correspondence A i-> e lX between real numbers and complex numbers from the 
unit circle. 

There is no direct analog of the function e lX in the non-Archimedean case. However we 
will see that its natural counterpart in the context of non-Archimedean operator theory is the 
function A t— > z x where A runs the ring Z p of p-adic integers, z belongs to the group of principal 
units of a non- Archimedean field K (in another language, z is a positive element of K j8]). 
The image of this function also belongs to the group of principal units. This prompts to define 
a non-Archimedean unitary operator as an operator of the form I + V where I is the unit 
operator, V is a normal operator in the sense of jl], ||V|| < 1. The normality assumption is 
essential - otherwise I + V can be non-diagonalizable together with V. This shows (see also 
|llj ) that the isometricity is not a substitute of unitarity in the non- Archimedean case. In fact 
we will use a refined version of the above definition; see Section 2. 
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In classical operator theory, the main result about unitary operators is Stone's theorem 
about the representation of a one-parameter unitary group in the form t h-> e ttA where t G R, 
A is a selfadjoint operator. We find its non-Archimedean analog - a one-parameter group 
parametrized by the group of principal units of Q p has the form s A where A belongs to the 
class of normal operators in the sense of [I], \\A\\ < 1. This result can be reformulated from 
the setting with the parameter from the group of principal units to the case of the parameter 
from Z p . 

1.2. Let us recall principal notions and results from [I]. We will not explain the basic 
notions of non- Archimedean analysis; see [El El El [8] . 

Let A be a bounded linear operator on a Banach space 23 over a complete non- Archimedean 
valued field K with a nontrivial valuation; | ■ | will denote the absolute value in K. Denote 
by La the commutative Banach algebra generated by the operators A and /. La is a closure 
of the algebra K[A] of polynomials in A, with respect to the norm of operators; thus La is a 
Banach subalgebra of the algebra £(2>) of all bounded linear operators. Elements A G K are 
identified with the operators XI. 

The spectrum M.(La) is defined (see [2]) as the set of all bounded multiplicative seminorms 
on La- In a natural topology, it is a nonempty Hausdorff compact topological space. If the 
algebra La is uniform, that is 1 1 CZ^ 2 1 1 = ||T|| 2 for any T G La, and all its characters take their 
values in K, then [2] the space M(£yi) is totally disconnected and La is isomorphic to the 
algebra C(M(£a), K) of continuous functions on M.(La) with values from K. In this case, 
under the above isomorphism, the characteristic functions 7]^ of nonempty open-closed subsets 
A C M(La) correspond to idempotent operators E(A) G La, ||-E(A)|| = 1. These operators 
form a finitely additive norm-bounded projection- valued measure on the algebra of open-closed 
sets, with the non- Archimedean orthogonality property 

||/|| = sup p?(A)/||, /g23. 

A 

An operator A, for which the above picture takes place, is called normal. We will call 
a normal operator strongly normal, if its spectrum o~(A) is a nonempty totally disconnected 
compact subset of K, and JvI(La) = o~{A). A strongly normal operator admits the spectral 
decomposition 

A= J \E(d\). 

a{A) 

More generally, we get a functional calculus assigning to any fT-valued continuous function 
(p the operator 

<p(A)= J <p(X)E(dX), 

a{A) 

such that 

\\<p{A)\\ < sup 
xea(A) 

Some sufficient conditions of strong normality were found in [1]. Let dim 25 < oo, and 
25 = K n , with the norm \\(xi, . . . ,x n )\\ = max An operator A is represented, with respect 

Ki<n 
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to the standard basis in K n , by a matrix (<%)"j = i. Its operator norm coincides with ||A|| = 
max \ aij\ (see [ID]). It is sufficient to consider the case where \\A\\ = 1. 

Let if be the residue field of the field K. Together with the operator A, we consider its 
reduction, the operator 21 on the if-vector space T> = K n corresponding to the matrix (a^) 
where alj is the image of under the canonical mapping O — > K (O is the ring of integers of 
the field K). An operator A is called nondegenerate, if 21 ^ vl for any v G K. 

It was proved in jl] that A is strongly normal, if it is nondegenerate, all its eigenvalues 
belong to K, and its reduction 21 is diagonalizable. These conditions are satisfied, for example, 
if 21 has n different eigenvalues from K. 

In the infinite-dimensional situation, a similar result holds [I] (with the representation of 
operators by infinite matrices), if we assume in addition that K is algebraically closed, 23 is 
the space of sequences tending to zero, A is a bounded operator with a compact spectrum, and 
the resolvent of A belongs, in a weak sense, to the space of Krasner analytic functions outside 
the spectrum. For example, if a compact operator (that is a norm limit of a sequence of finite 
rank operators) is such that its reduction is diagonalizable, then it is strongly normal. 

Note that for a strongly normal operator A and any continuous if-valued function ip on 
cr(A), the operator B = <p(A) is strongly normal. Indeed, considering the functional model of 
the algebra La we see that the spectrum of the operator B coincides with the set f(a(A)). 
The Banach algebra £g is a subalgebra of La, and its functional model coincides with the 
closure in C(a(A), K) of the set of functions it o / where 7r is an arbitrary polynomial. The 
convergence of the sequence 7i n of in C(a(A), K) is equivalent to the convergence of the sequence 
of polynomials 7r n in the space C(a(B), K). By Kaplansky's theorem (see Theorem 43.3 in |8J), 
Lb is isometrically isomorphic to C(a(B), K). 



2 Unitary Operators 

2.1. An operator U on a Banach space 25 over a complete non-Archimedean valued field K 
with a nontrivial valuation will be called unitary, if U — I+V where ||V|| < 1 and V is strongly 
normal. A unitary operator admits a spectral decomposition 

U= J (1 + \)E v (d\) = J fiEu(dfi). 

<t{V) a(U) 

Here Ey is the spectral measure of the operator V, the mapping <p(\) = 1 + A transforms the 
spectrum of V into that of U, Eu{M) = _Ey(y9 -1 (M)) for any open-closed subset of cr(U). 

Below we assume that the field K is an extension of the field Q p of p-adic numbers, and the 
absolute value | • | is an extension of the p-adic absolute value. 

Denote by iX\{K) the group of principal units of the field K, that is iX±(K) = {1 + A : AG 
K, |A| < 1}. We will consider one-parameter groups U(s), s G H\(K), of unitary operators, that 
is families of unitary operators, continuous with respect to the norm of operators, such that 

U(s lS2 ) = U( Sl )U(s 2 ), s h s 2 G iXx(K). (1) 

A one-parameter group of unitary operators can be constructed as follows. Let A be a 
strongly normal operator, \\A\\ < 1, a (A) C Z p . Consider the function / S (A) = (1 + z) x where 



3 



s = 1 + z, z G K, \z\ < 1, A G Z p . This function can be denned by its Mahler expansion [6j [8]: 

oo 

where 



n=0 



P ,p ) = M±!±!), s > 1; W ei. 



n! 



An equivalent definition [6j [8] can be made in terms of the approximation of a p-adic integer A 
by a sequence of nonnegative integers, for which the function is defined in the straightforward 
way. 
Set 

U(s) = (1 + z) A = J (l + z) x E A (dX), s = 1 + z Gili (K). 

a(A) 

Due to the non- Archimedean orthonormality of the Mahler basis, we have 

oo 

(1 + Z) X = 1 + V Z (X), V Z (X) = Z n Pn(X), 



(2) 



n=l 



sup 

\ez„ 



n=l 



\s\ < 1, 



so that U(s) is a unitary operator, that is U(s) = I + V(s) where 

V(s)= J v z (X)E A (dX) = J fiE v{s) (dfi), E v{s) (M) = E A (v; 1 (M)). 

a(A) a(V(s)) 

It follows from the approximative description of the function f s that U(s) possesses the 
required group property. Next, let s± = 1 + z±, S2 = 1 + z 2 , \zi\ < 1, \z 2 \ < 1. Using (2) we find 
that 



U{ Sl )-U{s 2 ) 



a(A) 



"£(z?-z?)P n (X) 



n=l 



E A (dX), 



so that 



\\U{ Sl )-U{s 2 )\\ < sup 



n=l 



< SUp \Z 1 — Z 2 I = \Si — S2 1 - 



n>l 



Therefore the function s i— > U(s) is continuous with respect to the operator norm. 

2.2. In particular, the above construction makes sense for s G ili(Qp), and the formula (2) 
defines a norm-continuous one-parameter group of unitary operators iti(Q p ) 3 s i— > U(s). The 
next result is a converse statement, an analog of Stone's theorem. 
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Theorem. Let U(s), s G ili(Q p ), p 2, be a norm continuous one-parameter group of unitary 
operators, such that the spectrum of the strongly normal operator £7(1 + p) — I is contained 
in pL p . Then there exist such a strongly normal operator A, o~(A) C Z p , that U(s) = s A , 
seHi(Qp). 

Proof Each element s G iXi (Q p ) can be represented, in a unique way, as 

s = (i + P )^ (ez p . (3) 

log s 

Indeed, set C = ; — -, r (see El M regarding properties of the p-adic logarithm). We 

log(l + p) 

have C G Q p , | log sj < p' 1 , | log(l + p)\ = \p\ = so that ( G Z p . On the other hand, 
exp(£log(l + p)) = (1 + pY ([8], Theorem 47.10), which implies (3). 
Let us write the canonical representation 

C = Co + Cip + C2P 2 + ■■■ , Q e {0, 1, . . . , P - 1}. 

00 

The series (1 + pp = P n Pn{() converges uniformly with respect to £ G Z p , so that the 

n=0 

function £ 1— > (1 + pY is continuous. Due to the norm continuity of U, 

U(s) = lim [£7(1 + p)]C°+CiP+-+Cn P n _ (4) 

n— >oo 

Denote 

0n (A) = (1 + p )(Co+C 1 P+-KnP»)A j A G Zp- 

Let us prove that 

On(A) >(l-\-p) < * X , as 72 — >■ OO, (5) 



uniformly with respect to A. 
Indeed, we have the estimate 

L( A ) _ (1 + p )CA| = (1 + p) (C, + i P " +1 +Cn +2P "+ 2 +-)A _ j 



< su PJ 9- fc |P fe ((C„ + ij9 ra+1 + ( n+2 p n+2 + ■■■ )A)| 
fc>i 



= Y J P k PMn + lp n+l + Cn + 2p n+2 + ---)\) 
k=l 

where 

|P,((Cn + lp n+1 + (n + 2 P n+2 + ■ ■ ■ )A)| < p-"- 1 ^!!- 1 < 

so that, uniformly with respect to A G Z p , 

|a n (A) - (1 +p) (X \ <p- n ^ 1 sapp~ k+ ^ — ► 0, 



as n —7- 00. 

Now we return to the expression (4). By our assumption, £7(1 + p) = I + V where V is a 
strongly normal operator, o~(V) C pZ p . We have 



£7(1 +p) = J {l + \)E v {d\) 



a(V) 
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The Banach algebra La generated by the operator V contains the strongly normal operator 

log(l + p) 6V ; log(l+p)£^ k J Mi+p) 

Obviously, cr(v4) C Z p and 

log(l+A) 

(1 + p) 1 °s(i+p) = 1 + A, 
so that U(l + p) — (1 and it follows from (4) that 

17(a) = lim Ul + p) A } Co+(lP+ - Hnpn . 

Switching to the functional model and using (5) and (3) we obtain the required formula for the 
operators U(s). ■ 

Note that the condition regarding the operator U{1 + p) — I is satisfied automatically, if 
U(l+p) = I + V, \\V\\ < 1, andK = Q p . 

2.3. Let W(z), z G Z p , p ^ 2, be a norm continuous unitary representation of the additive 
group Z p , and the spectrum of the operator Wij)' 1 log(l +p)) — I lies in pZ p . Denote s = e pz , 
U(s) = W(z). Then s G ili(Q p ), and s U(s) is a one-parameter group satisfying the 
conditions of the above Theorem. We obtain the expression 

W(z) = e pzA , z G Z p , 

where A is a strongly normal operator, cr(A) C Z p . 



3 Example. Galois Representations 

In this section we follow [TJ [3j [9] . 

Let K be a finite extension of Q p , and G K (K is an algebraic closure of K) is a sequence 
of primitive roots of unity of orders p n , such that 

e (°) = l, eW^l, (e^f = e W n = 0,l,.... 

oo 

Denote 7C„ = ^(e^- 1 ), TCo = |J 7T„, = GaI(K/K). Let /i p « be the set of roots of unity 

rc=0 

of order p n ; thus G // p n, n > 0. The cyclotomic character x '■ Gr — » Z* = {x G Z p : |x| = 
1} is defined via the equality 

oo 

c(0 = C x(ct) , for all cr G Gx, C € /"p 00 = |J /V- 

n=0 

X is continuous with respect to the standard topology of Gk as a profinite group. 

The kernel of the cyclotomic character coincides with Hk = Gsl{K / K^). Therefore \ 
identifies Tk = Gal^Koo/K) = Gk/Hk with an open subgroup of the multiplicative group Z* 
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By definition, a p-adic representation V of the group Gk is a finite-dimensional vector space 
over Q p with a continuous linear action of Gk- 

Let be the p-adic completion of K^. Let us consider the action of Tk on the K^- vector 
space (C p £8>q p V) Hk of elements from C p ®q p V fixed under the action of H K . If d = diniQ p V, 
then (Cp ®q p V") ^ A is a i^-vector space of dimension d. The group r# acts on the union 

Sen (V) of finite-dimensional subspaces of (C p ®q p V) k invariant with respect to T K , and 
dim Koc B Scn (V) = d. 

By Sen's theorem [9J, there is a unique i^oo-linear operator 0y on B Sen (U), such that for 
any ui G Dsen(V), there exists such an open subgroup C Ta- that 

= [exp (9 y log x(o-))] w (6) 

for all cr G r w . 

A representation V is called a Hodge-Tate representation if, for a certain basis ei, . . . , e<2 G 
D Scn (V), the operator 0y is diagonal, with eigenvalues from Z. In this case, we can introduce 
a norm in Og en (V) setting 

||xiei H h x d e d || = max(|xi|, . . . , xi, . . . ,x d G K^. 

Then 0y is obviously strongly normal, ||0y|| < 1. 

Taking into account the continuity of x we can choose a so small open subgroup A C T^- 
that |x(cr) — 1| < for all cr G A. For every a G A, the right-hand side of (6) defines a unitary 
operator on Dg en (V). 
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